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Abstract: We investigate the 1/2-BPS Wilson-’t Hooft loops in N = 4 Super-Yang-Mills
theory. We use the bulk D-brane with both electric and magnetic charges to calculate the
all genus contribution of the circular loops. The expectation value of Wilson-’t Hooft loops
are in perfect agreement with the result through supersymmetric condition and duality
transformation in the gauge theory.
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1. Introduction
The AdS/CFT correspondence asserts the equivalence between type IIB string theory in
the AdS5 × S5 space with RR background self-dual 5-form field strength and N=4 super-
Yang-Mills (SYM) theory[1, 2]. It provides a concrete example of gauge theory/string
theory duality and realizes the holographic feature of the quantum gravity in a very special
case. The AdS/CFT conjecture has passed some nontrivial tests by performing quantitative
calculation on both side[2]. One of the most impressive verification is on Wilson loop [3, 4].
In gauge theory, Wilson loops can be viewed as the worldlines of a quark with the electric
charge. They define the holonomy matrices of the gauge group along the loops. Wilson loop
plays the role of the order parameter of different phases of the gauge theory, for example
it presents the perimeter law in Higgs phase and the area law in the confining phase. It
is a natural variable to formulate the dynamics of the gauge theory, though the resulting
loop equation is too hard to solve.
Wilson loop provides an intuitive approach to gauge theory/string theory correspon-
dence. Classically the loop sweep out a worldsheet in four dimensional spacetime. If we
quantize the motion of the loop, the quantum anomaly requires another dimension: the
fifth dimension emerges holographically[5]. If the gauge theory is the maximally super-
symmetric N=4 super-Yang-Mills theory, the superconformal symmetry requires the fifth
dimension, together with xµ to be Anti-de-Sitter space.
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The N=4 SYM consists of a vector multiplet (Aµ, φI , λAα ) with µ = 1 · · · 4, I =
1 · · · 6, A = 1 · · · 4, α = 1, 2. Wilson loop in N=4 SYM is labelled by a curve C in R4
and the representation R:
< W >R (C) = TrRPe
i
∫
C
ds(Aµx˙µ(s)+θI (s)φI |x˙(s)|), (1.1)
where θI(s), (I = 1 · · · 6) is a unit vector in R6, defining a track on S5 where Wilson loop
pass, P denotes the path-ordering along C. In the AdS5 space the corresponding config-
uration is a macroscopic string stretched to the boundary, with the boundary condition
determined by Wilson loop. The worldsheet of the string forms a minimal surface[8] in
AdS5 space to minimize its classical action. From AdS/CFT correspondence, the expecta-
tion value of Wilson loop is just the partition function of the string
< W >R (C) = e
−A(C) (1.2)
At large ’t Hooft coupling the partition function can be evaluated by the saddle-point
approximation. It is the area of the minimal surface which can be computed by Nambu-
Goto action of the string.
A(C) =
∫
d2σ
√
dethab (1.3)
As the stretched string is infinitely long, the evaluation always suffers the divergence, which
corresponds to the self energy of the electric particle in the gauge theory. After regulating
the divergent term, we get a finite action.
For the infinitely straight line, it preserves half of the Poincare supersymmetries. Due
to non-renormalization[6, 7], it does not receive the quantum correction, its expectation
value is simply the unit
< W >line= 1. (1.4)
It means that the corresponding worldsheet has zero regularized area.
For the circular Wilson loop, it is necessary to consider the behavior of θI(s) along the
loop. As analyzed in [6], if the direction of θI(s) varies along the loop in a proper way,
Wilson loop preserves half of Poincare supersymmetries and due to non-renormalization its
expectation value is also the unit. The corresponding minimal surface in the bulk has zero
regularized area. However, there is another kind of the circular loop, which is obtained
by a conformal transformation of the straight line, with θI(s) taking constant value along
the loop. It has been explained in [28] that this loop preserves 16 s-independent linear
combination of Poincare and the conformal supersymmetries. It is called 1/2 BPS Wilson
loop. As we must choose a UV/IR cut-off in the field/string side in the regularization
process, the remaining symmetries are broken and the expectation value receives quantum
correction and depends on the coupling constant in a non-trivial way. In [9, 10], the 1/2-
BPS Wilson loop in SYM was analyzed. Based on a conformal anomaly argument, an
all order result in 1/N and λ was obtained. In SYM, the contribution to the expectation
value of Wilson loop comes from the so called rainbow graphs with the gluon propagator
modified by a singular total derivative, which give non-zero contribution only when both
ends of the propagator are located at the point which is conformally mapped to infinity.
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The problem is reduced to a quadratic hermitian matrix model with the expectation value
of Wilson loop given by
< W >circular =
1
Z
∫
DM 1
N
TreMe−
2N
λ
TrM2
=
2√
λ
I1(
√
λ) +
λ
48N2
I2(
√
λ) +
λ2
1280N4
I4(
√
λ) + · · · . (1.5)
Where In(x) is the first kind modified Bessel function. In the large N and large λ limit, it
simplifies to
< W >circular∼
√
2
π
e
√
λ.
λ3/4
∼ e
√
λ. (1.6)
In [3, 4] the expectation value of a circular Wilson loop is calculated by evaluating the
action of the string worldsheet, by regulating the action properly. To the leading order in
1/N and λ, the result is in agreement with field theory calculation
< W >circular= e
−Area = e
√
λ. (1.7)
In principle, the string worldsheet extended to the bulk could receive higher genus contri-
bution, this corresponds to finite N effect in the field theory.
Recently, an important development is to calculate all genus contributions to Wil-
son loop using bulk D-brane in the string theory side. It is first proposed in [3] for the
fundamental representation and followed by [11, 12, 13, 27] for higher rank symmetric
and antisymmetric representations. The reason is that the string worldsheet in the five
form field strength background can blow up in the transverse direction to form the dielec-
tric brane[17, 18, 19, 30], analogous to the formation of the gaint gravitons[20, 21, 22].
Now the expectation value of Wilson loop is the partition function of D-brane with string
charges on it. It is obtained by evaluating the D-brane action instead of the string action.
On the gauge theory side, the corresponding quantities are also evaluated in the matrix
model[12, 14, 15, 16].
It is analyzed in [13] that the string worldsheet can blows up in two ways, producing
two kinds of branes:
• The strings blow up in S2 ⊂ AdS5, resulting in a D3 brane with induced metric AdS2×S2
and k units of fundamental string charge. This corresponds to Wilson loop in the symmetric
representation of rank k.
• The strings blow up in S4 ⊂ S5, resulting in a D5 brane with induced metric AdS2×S4 and
k unites of fundamental string charge. This corresponds to Wilson loop in anti-symmetric
representation of rank k.
For Wilson loop in the symmetric representation, both D-brane calculation and the
matrix model calculation yield the following result
< W >sym= e
2N(κ
√
1+κ2+sinh−1 κ). (1.8)
with κ = k
√
λ
4N . For Wilson loop in the anti-symmetric representation, D-brane calculation
and matrix model calculation yield
< W >asym= e
2N
√
λ
3pi
sin3θk . (1.9)
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with θk − 12sin2θk = pikN .
In the gauge theory there is another nonlocal operator: ’t Hooft loop, which is the
magnetic dual of Wilson loop. It is defined as a singular gauge transformation along the
loop and can be viewed as the worldline of a particle with magnetic charge. Its expectation
value behaves oppositely to Wilson loop: the perimeter law in the confining phase and the
area law in Higgs phase. In a general gauge theory, the property of ’t Hooft loop is hard
to calculate because the electric-magnetic duality is rather obscure. In the N=4 SYM,
which inherits a SL(2, Z) duality and is self-dual, it is quite natural to consider ’t Hooft
loop together with Wilson loop. For simplicity we set the axion to be zero first and discuss
the full SL(2, Z) duality later. Under S-duality, Wilson loop becomes ’t Hooft loop, the
fundamental string (F1) becomes D-string (D1), so the macroscopic object corresponding
to ’t Hooft loop is the D-string worldsheet. Analogous to Wilson loop case we can use
D3/NS5 brane with D-string charge to calculate the all genus contribution.
In this paper, we will study 1/2 BPS Wilson-’t Hooft loops. From the gauge theory
point of view, Wilson-’t Hooft loop is the worldline of a dyon which carry both the electric
charge and magnetic charge[24]. From string theory point of view, Wilson-’t Hooft loops
are the (F1, D1) bound states[23] with the strings ending on the worldvolume of the D3
branes. The charge of (F1, D1) corresponds to the charge of the dyon. However there is a
subtlety. Wilson loop can be in any representation of the gauge group. For the symmetric
representation of rank k, the corresponding fundamental string is a single string with
charge k, while for Wilson loop in the antisymmetric representation, the corresponding
fundamental strings are k F1’s each with charge one. For a generic representation, the
configuration of the fundamental strings is quite complicated. For Wilson-’t Hooft loops,
the existence of D-string make things more subtle. Similar to the F1’s, the D1’s could
have different kinds of combination, corresponding to the different representation of the
dual group. In this paper, we will consider the case that both the F1’s and D1’s are in the
symmetric representation. In other words, the F1’s and D1’s form a simple bound state.
The paper is organized as follows. In section 2, we will calculate the all-genus con-
tribution to 1/2 BPS Wilson-’t Hooft loops using bulk D3-brane. We consider straight
Wilson-’t Hooft line first and then the circular Wilson-’t Hooft loop. In both cases, the
calculations shows that the expectation value of the line/loop depends on the charges and
the coupling constant in a S-dual invariant way. In section 3, we analyze the supersymme-
try of the bulk D3-brane with fluxes, it preserves half of the original supersymmetries. In
section 4, we discuss WH loop in the antisymmetric representation related to bulk 5-brane
configurations. We end the paper with conclusion and discussions.
2. All-genus calculation using D3-branes
In [11], it has been shown that one can use the bulk D3-brane to evaluate Wilson loop
operators. By evaluating the classical action of D3 brane with n F-string charge, the all
genus expectation value of the circular BPS Wilson loop is
< W >= e2N(κ
√
1+κ2+sinh−1 κ) (2.1)
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with κ = n
√
λ
4N and n is the F-string charge on D3-brane. The all genus expectation value
of the circular BPS ’t Hooft loop is also evaluated
< H >= e2N(κ
√
1+κ2+sinh−1 κ) (2.2)
now with κ = pim√
λ˜
and m is the D-string charge on D3-brane. Here λ˜ = 16pi
2N2
λ is the dual
coupling constant.
In this section we will evaluate all genus expectation value of the straight and the
circular BPS Wilson-’t Hooft (WH) loop using D3 brane with both F-string and D-string
charges. The F-string and D-string would form bound state preserving 1/2 supersymmetry[23].
For a (n,m)-string, the string tension is
τn,m =
√
n2 +m2/g2s
2πα′
(2.3)
which is invariant under S-duality: (n,m, gs, α
′
) ↔ (−m,n, g−1s , α′gs). In terms of field
theory coupling constant λ it is
τn,m =
1
πα′
√
λ
.
√
n2λ+m2λ˜ (2.4)
When the (n,m)-string ends on the D3-brane, the resulting system is still BPS. We expect
that the expectation value takes the same form as Wilson loop, with a suitable dependence
on
√
n2λ+m2λ˜. Our calculation shows it is indeed the case.
In the calculation an essential point is to take into account of the boundary contribution
to the action. As D3 brane in the bulk intersects boundary along the loop, we should take
the possible boundary terms into account. The boundary terms implement the Legendre
transformations to let the solution have the correct boundary conditions. There are two
kinds of the boundary terms: one comes from the Neumann boundary condition on the
transverse radial direction; the other comes from the Legendre transform of the gauge fields
such that the charges on the brane worldvolume is fixed.
For coordinates xi satisfying Neumann boundary condition, we need to perform a
Legendre transformation on the brane action to make the action to be a function of pi:
S˜ = S −
∫
C
dspix
i, (2.5)
where pi is the conjugate momentum of x
i
pi =
∂S
∂x˙i
. (2.6)
For AdS5 × S5 space, the coordinates take Dirichlet boundary condition on the direction
parallel to the boundary of AdS and take Neumann boundary condition on the remaining
directions. As D3 brane does not extend to S5 part, we should take into account only the
boundary term related to the radial direction.
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Similarly, for the gauge field Ai on the brane, its conjugate momentum is
Πi =
∂S
∂A˙i
(2.7)
the corresponding boundary term is
−i
∫
C
dsΠiAi. (2.8)
Here we include i =
√−1 factor because when evaluating the action we always use Eu-
clidean version of AdS5 × S5 metric. In the previous work evaluating Wilson loop using
the string worldsheet, there is no boundary term related to gauge field.
2.1 Straight Wilson-’t Hooft line
Let us start from the infinite straight Wilson-’t Hooft line in R4. It is convenient to use
the following coordinate system for AdS5:
ds2 =
L2
y2
(dy2 + (dx1)2 + dr2 + r2(dθ2 + sin2θdϕ2)). (2.9)
Where L4 = λα
′2 is the radius of AdS5 and S
5. The straight Wilson-’t Hooft line lies
along X1 and is localized in the transverse directions. One may understand the physics
from dielectric effect and try to calculate the expectation value of Wilson-’t Hooft line
from the D3-brane action. As has been shown in [11], the worldvolume of D3-brane is a
hypersurface in AdS5, which is characterize by the equation y = y(r) and worldvolume
coordinates (x1, r, θ, ϕ).
For D3 brane ending on the boundary of AdS5, the action includes three parts: the
Dirac-Born-Infeld action, the Wess-Zumino action and the boundary term
St = SDBI + SWZ + Sboundary (2.10)
The Dirac-Born-Infeld action is of the form
SDBI = −TD3
∫
e−Φ
(L2
y2
)2√(
1 + y′2 + (
y2
L2
)2(2πα′)2F 2tr
)(
r4sin2θ + (
r2
L2
)2(2πα′)2F 2θϕ
)
(2.11)
where Ftr is the electric field and Fθϕ is the magnetic field. And the tension of the D3-brane
is
TD3 =
N
2π2L4
. (2.12)
The Wess-Zumino term contributes to the action
SWZ = µD3
∫
P [C4] = −2N
π
∫
dx1dr
r2
y4
(2.13)
where µD3 = TD3 is the charge of D3 brane, P [C4] is the pullback of the Ramond-Ramond
4-form potential to the worldvolume of D3-brane and
C4 =
L4r2sinθ
y4
dx1 ∧ dr ∧ dθ ∧ dϕ (2.14)
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The total bulk action is just Sbulk = SDBI + SWZ.
Without the magnetic field, we have simply the straight Wilson line and the electric
field takes the form
F1r = i
nλ
8πNr2
(2.15)
which solves the equation of motion and spread over the worldvolume of AdS2 uniformly.
Here the appearance of i is also due to Euclidean metric. In this case, it has been shown
that the action of D3-brane is vanishing due to the cancellation between DBI and WZ
action. Even after considering the boundary terms, the action is still vanishing, implying
that the expectation value of Wilson line < W >= 1 which has to be true due to the
supersymmetric condition. In the case without the electric field, we have the straight ’t
Hooft line, which is the S-dual of Wilson line. The corresponding magnetic field takes the
form
Fθϕ =
msinθ
2
(2.16)
which spread over the S2 uniformly. The straight ’t Hooft line has not been treated carefully
in the literature but due to the supersymmetry and S-duality, it has been expected that
< H >= 1. We will not discuss it separately. Instead, we will discuss the more general
case with both electric and magnetic charges, namely Wilson-’t Hooft line.
In the case of Wilson-’t Hooft line, the electric field and magnetic field take the form
as (2.15,2.16). And we make the linear ansatz
y =
r
κ
. (2.17)
With these setups, the bulk action is not vanishing and instead diverges near y = 0. Let
us introduce a cutoff y0 and the bulk action is
Sbulk = −2N
π
X1(bc− 1)κ
3
y0
(2.18)
where
b =
√
1 + κ−2 − n
2λ
16N2
κ−4 (2.19)
c =
√
1 + (
πα′m
L2
)2 (2.20)
On the other hand, one has to take into account of the boundary terms[11]. One kind of
such boundary terms is
−
∫
dx1y0py (2.21)
where py is the conjugate momentum to y after integration over S
2:
py = −2N
π
κ
y20
c
b
. (2.22)
The other boundary term comes from the Legendre transform of the gauge field:
−
∫
dx1(iΠ)A1 = −
∫
dx1dr(iΠ)F1r = −c
b
X1
n2λ
8πN
κ−1
y0
. (2.23)
– 7 –
After putting all the contribution together, the total action is
St = −2π
N
X1Z
1
y0
(2.24)
where
Z = κ3(bc− 1) + c
b
(
n2λ
16N2
κ−1 − κ). (2.25)
The divergence near y0 → 0 should be absent, this leads to the condition Z = 0. This
helps us to fix the value of κ:
κ2 =
n2λ
(4N)2
+
π2m2
λ
. (2.26)
Using the dual coupling constant λ˜ = 16pi
2N2
λ , κ can be written as
κ2 =
n2λ
(4N)2
+
m2λ˜
(4N)2
(2.27)
With the divergence vanishing, we have Stot = 0 so that < WH >= 1. This is
consistent with the BPS condition.
2.2 Circular Wilson-’t Hooft loop
For the circular Wilson loop, it could be related to the straight Wilson line by a conformal
transformation. Due to the quantum anomaly of the conformal transformation, the expec-
tation value of the circular Wilson loop is not 1. On the N=4 SYM side, the calculation
reduces to a quadratic Hermitian matrix model [9, 10]. For Wilson loop in the rank k
symmetric representation, < W >S=<
1
N Tre
nM >. The calculation in the Matrix model
shows that to all orders in gYM and
1
N expansion:
< W >S= e
2N [κ
√
1+κ2+sinh−1 κ] (2.28)
which is in perfect agreement with the calculation from bulk D3-brane on the dual string
theory side. Furthermore, the expectation value of ’t Hooft loop in the symmetric repre-
sentation of the dual group has also been worked out in [11]. It takes the same form of
(2.28), but with a different κ.
For Wilson-’t Hooft circular loop, we don’t know how to calculate it from Super-Yang-
Mills theory since we have to work in a background with magnetic monopole. Nevertheless,
the BPS condition and the SL(2, Z) duality in the N = 4 SYM permits us to get the
answer. Actually, in both Wilson and ’t Hooft cases κ’s are proportional to the tension
of the corresponding macroscopic strings. This fact leads us to predict that for Wilson-’t
Hooft loop, the expectation value should take the same form as (2.28), but with the κ
being proportional to the tension of (F1, D1) bound state.
Consider D3 brane with n F1 string charge and m D1 brane charge, The DBI action
of D3 brane is
SDBI = −TD3
∫
e−Φ
√
det(g + 2πα′F ) (2.29)
– 8 –
To describe the circular loop, the convenient metric of AdS5 space is
ds2 =
L2
sin2η
(dη2 + cos2ηdψ2 + dρ2 + sinh2 ρ(dθ2 + sin2θdφ2)) (2.30)
In these coordinates, ρ ∈ [0,∞), θ ∈ [0, π] and η ∈ [0, π/2]. The boundary of the AdS space
is now at η → 0, ρ→ 0 and the circle on the boundary is located at η = ρ = 0. According
to the symmetry, we take ρ, ψ, θ, φ as the coordinates of D3 brane worldvolume which is
curved in (η, ρ) plane according to η = η(ρ).
Take the following ansatz for the gauge field
F = Fψρdψ ∧ dρ+ Fθφdθ ∧ dφ (2.31)
The DBI action is
SDBI = −
∫
dρdθ2N
sinh2 ρsinθ
sin4η
√(
cos2η(1 + η′2) + (2πα′)2
F 2ψρsin
4η
L4
)(
1 + (2πα′)2
F 2θφsin
4η
L4sin2θ sinh4 ρ
)
(2.32)
The WZ action is
SWZ = 2N
∫
dρdθ
cosηsinθ sinh2 ρ
sin4η
(cosη + η
′
sinη
sinh ρ− cosh ρcosθ
cosh ρ− sinh ρcosθ ) (2.33)
The equations of motion are solved by setting
sinη = κ−1 sinh ρ (2.34)
with κ a function of charges and coupling constant
κ2 =
n2λ
(4N)2
+
m2λ˜
(4N)2
(2.35)
And the gauge fields take value
Fψρ =
inλ
8πN sinh2 ρ
Fθφ =
msinθ
2
(2.36)
These are just the same electric and magnetic fields (2.15,2.16) in the new coordinates.
The DBI action becomes
SDBI = −2N
∫
dρdθ
sinh2 ρsinθ
sin4η
bc (2.37)
where b and c are defined by
b =
√
cos2η(1 + η′2)− n
2λsin4η
(4N)2 sinh4 ρ
c =
√
1 +
m2λ˜sin4η
(4N)2 sinh4 ρ
(2.38)
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Then the conjugate momentum of η is
pη =
δS
δη′
= −2N κ
2sinθcos2ηη
′
sin2η
c
b
+ 2N
κ2cosηsinθ
sinη
(
sinh ρ− cosh ρcosθ
cosh ρ− sinh ρcosθ ) (2.39)
The boundary term for pη at η0 → 0 is
Spη = −η0
∫
pη = −4Nκ 1
η0
c
b
(2.40)
The boundary term for gauge field is
SF = −i
∫
dρdψΠFψρ
= −n
2λ
4N
c
b
cothρ|sinh ρ=κ
sinh ρ=κsinη0
(2.41)
where Π is the conjugate of Fψρ. The total action is
SD3 = −4Nκ4(bc− 1)cothρ|sinh ρ=κsinh ρ=κsinη0 + 2Nκ
2(cothρ− ρ
sinh2 ρ
)|sinh ρ=κ
sinh ρ=κsinη0
− 4Nκ 1
η0
c
b
− n
2λ
4N
c
b
cothρ|sinh ρ=κ
sinh ρ=κsinη0
(2.42)
where b, c are the same as (2.38). With κ in (2.35), divergent terms when η0 → 0 cancel,
we have once again
Z = κ3(bc− 1) + c
b
(
n2λ
16N2
κ−1 − κ) = 0 (2.43)
Then the action is
SD3 = −2N(κ
√
1 + κ2 + sinh−1κ), (2.44)
and the expectation value of Wilson-’t Hooft loop is
< WH >= e−SD3 = e2N(κ
√
1+κ2+sinh−1κ) (2.45)
Therefore, we have shown that even for Wilson-’t Hooft circular loop, the bulk D3-brane
action gives the all-genus contribution which is consistent with the field theory argument
based on duality.
In the limit N →∞, the expectation value of WH loop simplifies to
< WH >N→∞= e
√
n2λ+m2λ˜ (2.46)
which is the same as the prediction of [28] based on duality. The reason is that the F-strings
and D-strings form bound state on D3 brane, resulting in a (n,m) string. The relation
(2.27) could be rewritten in another way:
κ2 =
πgs
4N
(n2 +
m2
g2s
). (2.47)
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The term in the bracket is proportional to the square of the tension of the (F1, D1) bound
states with charge (n,m). This is natural since in the brane picture the dyon in the super-
Yang-Mills theory corresponds to the (F1,D1) bound state ending on the D3-brane. In the
super-Yang-Mills, the dyon solutions are BPS, their energy-charge relation satisfy the BPS
relation:
M =
√
2|Z| =< φ >
√
n2g2YM +
m2
g2YM
, (2.48)
which is invariant under S-duality,< φ > is the vacuum expectation value of the scalar
field. So the dependence on charges and couplings matches on both sides.
The induced metric on D3 brane is
gab = ∂aX
µ∂bX
νGµν (2.49)
The only non-trivial component is
gηη =
L2
sinh2 η
(
1 + κ2
1 + κ2sin2η
) (2.50)
So the induced metric is
ds2D3 =
L2
sinh2 η
(
1 + κ2
1 + κ2sin2η
)dη2 +
L2cos2η
sin2η
dψ2 + L2κ2(dθ2 + sin2θdφ2) (2.51)
Change variable cot2η = (1+ κ2) sinh2 ζ, the metric is Euclidean AdS2 × S2 with different
radius:
ds2D3 = L
2(1 + κ2)(sinh2 ζdψ2 + dξ2) + L2κ2(dθ2 + sin2θdφ2) (2.52)
The radius of AdS2 is L
√
1 + κ2 while the radius of S2 is Lκ. Embedding into AdS5×S5, we
can write the AdS5×S5 metric as the fibration of 2-dimensional space with AdS2×S2×S4
fiber by defining two new variables u, ζ:
cotη = coshu sinh ζ sinh ρ = sinhusinη (2.53)
then the metric of AdS5 × S5 is of the form
ds2 = L2[cosh2 udΩ2AdS2 + du
2 + dθ2 + sinh2 udΩ2S2 + sin
2θdΩ2S4 ] (2.54)
with sinhu = κ.
In the new fibred coordinates, the gauge field strength reads as
F = −
√
1 + κ2
κ
(
inλ
8πN
) sinh ζdψ ∧ dζ + msinθ
2
dθ ∧ dφ (2.55)
2.3 Restore the full SL(2, Z) duality
In the previous sections we don’t take the theta dependence into account and set the axion
field to zero in the D-brane calculation. In this subsection we will consider the effect
of a nonvanishing constant axion field and try to restore the full SL(2, Z) duality of the
theory[24].
– 11 –
For a non-zero constant axion background, it contributes the following term to the
Wess-Zumino action
Saxion = iµ3(2πα)
2
∫
C0FψρFθφ = i2πC0
∫
dρdθFψρFθφ (2.56)
where i is due to the Euclidean signature.
The bulk action now is
Sbulk = S0 + Saxion. (2.57)
The equations of motion and the charge quantization conditions for F/D-string charges are
solved by
sinη = κ−1 sinh ρ (2.58)
with κ taking value
κ2 =
(n +mC0)
2λ
(4N)2
+
m2λ˜
(4N)2
(2.59)
and the gauge fields taking values
Fψρ =
i(n+mC0)λ
8πN sinh2 ρ
Fθφ =
msinθ
2
(2.60)
All the calculations are in parallel with the ones in the zero axion case with a replacement
n→ n+mC0.
From the AdS/CFT correspondence, the axion in the bulk could be identified with the
θ parameter in the Yang-Mills theory
C0 =
θ
2π
, (2.61)
so the SL(2, Z) invariant result is
< W >sym= e
2N(κ
√
1+κ2+sinh−1κ) (2.62)
with
κ2 = (n+
mθ
2π
)2
λ
(4N)2
+
m2λ˜
(4N)2
=
π
4N
|n+mτ |2
Imτ
(2.63)
which is invariant under the S and T transformation
S : τ → −1
τ
(n,m)→ (−m,n) (2.64)
T : τ → τ + 1 (n,m)→ (n+m,m) (2.65)
This is what we expect from both the field theory and the dual string theory: on
the field theory side, in the θ-vacuum the magnetic charge will induce a fractional electric
charge. The shift is exactly mθ2pi ; on the dual string theory side, when the axion field is
non-zero, the D-string charge will induce a F-string charge mC0.
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3. Supersymmetry of AdS2 × S2 D3-brane with fluxes
In this section, we would like to discuss the preserved supersymmetry of the AdS2 × S2
D3-brane with fluxes. Now we change to Minkowski metric and multiply the gauge field
strength on the AdS2 part by i. The Gamma matrices and Killing spinor convention will
follow [25, 27]. To be consistent, we put them in the appendix A.
To discuss the supersymmetry of the D-branes in a curved background, one has to
check the kappa symmetry projection relation
Γpǫ = ǫ (3.1)
where Γp is determined by the embedded curved spacetime and background fluxes[31, 32,
33, 34]. For a Dp-brane in IIB theory, it is determined by the following relations:
ΓDpd
p+1σ = −e−Φ(−det(G+ F))− 12 eF ∧ χ|(p + 1)-form
χ =
∑
n
1
(2n)!
dσi2n ∧ · · · ∧ dσi1Γ〈i1i2···i2n〉τn3 (iτ2)
Γ〈i1i2···is〉 =
∂Xµ1
∂σi1
· · · ∂X
µs
∂σis
ea1µ1 · · · easµsΓa1···as (3.2)
where σi are the worldvolume coordinates, Xµ are the spacetime coordinates and eaµ are
the components of the vielbein. And as usual F = B+2πα′F . With respect to the metric
(2.54), the vielbein relevant to our discussions are
e0 = L coshuf0, e1 = L coshuf1, e4 = L sinhuf4, e5 = L sinhuf5 (3.3)
where f0, f1 are the vielbein of the unit AdS2 and f
4, f5 are the vielbein of the unit S2.
In the D3-brane picture, D3-brane worldvolume extends along AdS2 × S2 directions
and sits at the point on S5 with θ = 0 or π. In our case, we turn on the electric and
magnetic flux at the same time. The electric field spread over AdS2 and the magnetic field
over S2 uniformly such that
F = αe00e11dσ0 ∧ dσ1 + βe44e55dσ4 ∧ dσ5, (3.4)
where (σ0, σ1, σ4, σ5) are the worldvolume coordinates. Then we have
ΓD3 = − 1
A
((iαβ − µ3ν3)τ2 + (iαν3 + βµ3)τ1) (3.5)
with
A =
√
(1− α2)(1 + β2) (3.6)
The projection condition reads
ΓD3ǫ = ǫ (3.7)
with
ǫ = exp(
1
2
µ3ν3τ2u− i
2
λ3τ2θ)ζ (3.8)
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Let’s first focus on the case with θ = 0. When we have only electric flux, i.e. α 6=
0, β = 0, the situation reduce to the BPS Wilson loop and has been analyzed in [27]:
sinhuk =
√
1− α2
|α| ,
{
(1− µ3τ3)ζ = 0, α > 0
(1 + µ3τ3)ζ = 0, α < 0
(3.9)
On the other hand, when α = 0, β 6= 0, the supersymmetric condition has not been
discussed in the literature. Actually, the projection condition leads to
sinhuk =
1
|β| ,
{
(1− µ3τ1)ζ = 0, β < 0
(1 + µ3τ1)ζ = 0, β > 0
(3.10)
Let us turn on the electric and magnetic flux at the same time, i.e. α 6= 0, β 6= 0. The
supersymmetric condition is{
(cosh
u
2
+
sinh u2 (iαβµ3ν3 − 1)
A
) + (µ3ν3 sinh
u
2
+
cosh u2 (iαβ − µ3ν3)
A
)τ2
+
cosh u2 (iαν3 + βµ3)
A
τ1 +
sinh u2 (−αµ3 + iβν3)
A
τ3
}
ζ = 0. (3.11)
From the discussion above, we make the following ansatz on ζ:
(1− (xµ3τ3 + yµ3τ1))ζ = 0, (3.12)
where x, y are two real numbers satisfying x2+y2 = 1. Then the supersymmetric condition
leads to the following solutions:
x = α
√
1 + β2
α2 + β2
y = −β
√
1− α2
α2 + β2
(3.13)
and
sinhuk =
√
1− α2
α2 + β2
. (3.14)
It is still one step from proving that the configurations discussed in section 2 actually is
1/2-BPS. Let us identify the gauge field strength parameters
α =
n
√
λ
4Nκ
√
1 + κ2
β =
mπ√
λκ2
=
m
√
λ˜
4Nκ2
(3.15)
and put them back to the relation (3.14). The relation holds automatically, taking into
account of the relation (2.35). This indicates that the D3-brane with electric and magnetic
field (2.36) satisfy the 1/2-BPS configuration if its motion parameter satisfy (2.34).
For the case of θ = π, we have very similar result. In either case, the configuration
keep one half of the original supersymmetry.
For nonvanishing axion background, the bulk supersymmetry analysis here still holds
because the kappa projection operator dosen’t involve any RR field. The solution of the
supersymmetry condition (3.13,3.14) with n→ n+mC0 is satisfied by (2.60). In the dual
SYM, the θ-term contributes an extra term to the central charge of the SUSY algebra, the
solution (2.60) still saturates the BPS condition.
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4. The calculation using 5-brane
It was shown in [27] the expectation value of Wilson loop in anti-symmetric representation
could be calculated using bulk D5-brane action. Remarkably, the calculations from D5-
brane and the Matrix theory are in perfect match. It is interesting to investigate if Wilson-’t
Hooft loop in anti-symmetric representation has the same story.
Let us study ’t Hooft loop first. In IIB theory, the S-dual of D5 brane is NS5 brane.
Hence ’t Hooft loop in antisymmetric representation corresponds to NS5 brane with D-
string charges. But now from NS5-brane point of view, the D-string looks like electric
source rather than magnetic source. This is very different from the D3-brane case. The
fields on IIB NS5 brane is a (1, 1) vector supermultiplet, consisting of four scalars and a
vector one form c(1). The effective worldvolume action of NS5 brane was constructed in
[35] from T-duality of IIA KK-monopole in a transverse direction. Set RR field C(0) and
C(2) to zero and dilaton to a constant, the action reads:
SNS5 = −TNS5
∫
d6σe−2Φ
√
det(g + (2πα′)F )− TNS5
∫
d6σF ∧ C(4) (4.1)
where the tension of NS5 brane is
TNS5 =
1
(2π)5α′3g2s
This action can also be derived from S-dual of D5-brane DBI action. Under S-duality c(1)
transforms to an one form gauge field A(1).
In our case, the worldvolume of NS5-brane is AdS2 × S4, located at u = 0, θ = θm =
constant in coordinates (2.54). From the S-duality, one may expect that the supersymmetry
condition is the same as the one in D5-brane discussed in [27], namely the supersymmetry
condition requires that
cosθm = β, (1− µ3τ3)ζ = 0 (4.2)
where β is the electric field strength on the NS5-brane. The similar calculation shows that
Stot = −
4Nπ√
λ
2N
3π
sin3θm (4.3)
after taking into account of the boundary terms. When the string chargem is much smaller
than N , θm becomes small. Then we have
Stot ≈ −
√
λ
m
gs
. (4.4)
This is what we expected: the action is proportional to the tension of m overwrapping
D-strings. This is S-dual to the D5-brane result Stot ≈ −n
√
λ.
For Wilson-’t Hooft loop, it is not easy to figure out a picture as in D3-brane case.
Now due to the existence of both F1’s and D1’s, the dual bulk should have both D5 and
NS5-brane. And from the above discussion, both brane keep the same supesymmetry. But
in general D5-brane and NS5-brane are located at different position since θk depends on
the value of the flux. In the case that both F1 and D1 charges are small, the total action
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is just the summation of the D5 and NS5 action, namely proportional to the summation
of tensions of F1’s and D1’s. We are not clear if these F1’s and D1’s form bound states
and if so how to see this property from 5-brane picture.
5. Conclusions and Discussions
In this paper, we discussed Wilson-’t Hooft loop in the symmetric representation. In this
case, the brane description is a D3-brane with both electric and magnetic fluxes. Taking
the boundary terms into account properly, we obtained the expectation value of Wilson-
’t Hooft loop. The result is precisely in match with the result from the gauge theory
argument.
In this paper, we mainly focus on Wilson-’t Hooft loops with symmetric representation,
in which case the string picture is simply a single F-string with charge n and a single D-
string with charge m. It would be interesting to discuss the more general case. Let us
first consider the pure Wilson loop in a general representation. The representation could
be described by a Young tableau. The total number of box in the Young tableau is the
total charges of the fundamental strings. Every row of the Young tableau represents a
single F1 with the charge determined by the number of boxes in this row. The expectation
value of Wilson loop could be calculated from the Hermitian matrix theory. In general,
the expectation value is
<
1
N
Tr exp(k1M)
1
N
Tr exp(k2M) · · · 1
N
Tr exp(klM) > (5.1)
where k1, k2 · · · kl are the number of boxes in each row. This quantity has been discussed
in [14]. From our D-brane picture, the symmetric representations correspond to D3-brane
with electric flux. One might naively expect that every row of the Young tableau would
give a D3-brane with electric flux and we have an array of D3-branes whose number is the
number of the rows to describe Wilson loop[13]. The configuration is still supersymmetric
but the position of D3-branes are different due to the difference of the flux. It must be very
interesting to check how much this D3-brane picture describe the physics correctly. One
essential point in the D3-brane picture is that even the electric flux number is only one,
the D3-brane description still make sense[11]. This fact indicates that we can use D3-brane
configuration to describe Wilson loop in arbitrary representation. On the other hand we
have a dual description in terms of D5-branes which requires that the number of F1’s is
huge. It is not clear how the two description match each other. For an antisymmetric
description of rank k, we may study the problem in terms of k D3-branes. To describe
these D3-branes, we need a nonabelian DBI action whose form is an open question. In this
sense, it would be valuable to investigate the correspondence between the dual pictures to
test the nonabelian DBI action.
It is more difficult to figure out the brane picture if including the D-string. As the
F-strings, the D-strings could take many forms: either a single one with charge m, or
many ones each with winding number one, or something between these two extremal cases.
For pure D-strings, all the above possible configurations are supersymmetric, being S-
dual to the pure F-strings. In D3-brane picture, there are several D3-branes with different
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magnetic fluxes. They are supersymmetric even though generically they don’t overlap with
each other. However, if both the F1’s and D1’s exist, they may form bound state. For a
generic (F1, D1) configurations, its D3/D5-brane description is unclear. Naively, one may
think that the above D3-brane picture could still make sense after putting into the relevant
magnetic flux. But from the discussion before, we know that the supersymmetric condition
is sensitive to both the electric and magnetic fields. It is a problem on how to distribute
magnetic flux to different D3’s. And even if we give an assignation of magnetic flux to
D3-brane’s, the supersymmetries is broken and there exist the open string tachyon. The
tachyon condensation lead to the bound state of (F1, D1). After tachyon condensation, the
final configuration should be independent to the assignation of D1’s. It would be interesting
to understand this process more precisely. In terms of 5-brane, the picture is more unclear.
Another interesting problem is the dual supergravity solution of WH loop. In [25,
26], the supergravity solution corresponding to 1/2-BPS Wilson loop is presented. The
geometry preserves SU(1, 1)×SU(2)×SO(5) isometry as the 1/2-BPS Wilson loop itself.
The geometry is governed by a function in two dimension satisfying Laplace equation, with
some boundary conditions on y axis. The boundary condition takes two constant values,
corresponding to the distribution of eigenvalues on the real line in the matrix model. This
is the fermion droplet picture analogous to the bubbling geometry of LLM[29]. For 1/2-
BPS WH loop, the isometry is the same as Wilson loop. It would be interesting to see
what the bubbling geometry is.
In this paper, the expectation value of 1/2 BPS Wilson-’t Hooft loop is from the bulk
D3-brane picture. It would be nice to have a direct perturbative calculation in the SYM.
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A. Spinors in AdS2 × S2 × S4 fibration
In IIB supergravity, the supersymmetry is determined by the number of covariant constant
spinor. In this paper, we focused on AdS5×S5 background, where only the metric and the
RR 5-form G5 are nonvanishing. The supersymmetry transformation of dilatino is trivial
and the invariance of the gravitino under supersymmetry transformation can be written as
δψM = ∇Mη + i
2
/G5τ2ΓMη. (A.1)
The parameter of supersymmetry is a doublet of Majorana-Weyl spinors: η = (η1, η2). We
use the Pauli matrices τj to rotate this doublet:(τη)α = ταβηβ.
Since we have written AdS5 × S5 metric in forms AdS2 × S2 × S4 fibered on R2, it’s
convenient to write 10-dimensional Clifford algebra in tensor product form. Let Γµ denote
the Gamma matrices in ten dimension. They can be written as the following tensor product
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form[25, 27]
Γ0 = σˇ0 ⊗ σC ⊗ 1⊗ 1, Γ1 = σˇ1 ⊗ σC ⊗ 1⊗ 1,
Γ2 = 1⊗ σ1 ⊗ 1⊗ 1, Γ3 = 1⊗ σ2 ⊗ 1⊗ 1,
Γ4 = σˇ3 ⊗ σC ⊗ σˆ4 ⊗ 1, Γ5 = σˇ3 ⊗ σC ⊗ σˆ5 ⊗ 1,
Γa = σˇ3 ⊗ σC ⊗ σˆ6 ⊗ γa, (a = 6, 7, 8, 9), (A.2)
where (σˇ1, σˇ2, σˇ3), (σ1, σ2, σC) and (σˆ4, σˆ5, σˆ6) are three sets of the Pauli matrices. And
σˇ0 := iσˇ2. γ
a’s (a = 6, 7, 8, 9) are gamma matrices of Euclidean 4 dimensions.
A 10-dimensional spinor η can be decomposed as
η =
∑
a,b,c
χˇIa ⊗ ǫabcIJK ⊗ χˆJb ⊗ χKc . (A.3)
Each ǫabcIJK is a pair of 2-dimensional spinors with σ1, σ2, σC , τ1, τ2, τ3 acting on it. The
spinors satisfy the following relations
◦
∇pχˇIa =
i
2
aσˇpχˇ
I
−a, σˇ3χˇ
I
a = aχˇ
I
a, (p = 0, 1, a = ±1, I = 1, 2), (A.4)
◦
∇pχˆJb =
1
2
bσˆpχˆ
J
−b, σˆ6χˆ
J
b = bχˆ
J
b , (p = 4, 5, b = ±1, J = 1, 2), (A.5)
◦
∇pχKc =
1
2
cγpχ
K
−c, γ6789χ
K
c = cχ
K
c , (p = 6, . . . , 9, c = ±1, K = 1, 2, 3, 4).
(A.6)
where
◦
∇ is the covariant derivative of the Levi-Civita connection of the unit AdS2, S2 or
S4. By expanding the 10-dimensional spinor pair η by the above Killing spinors we reduce
the problem to 2-dimensions .
With these notations, the supersymmetry condition in IIB theory yields ǫ of the form
ǫ = exp(
1
2
µ3ν3τ2u− i
2
λ3τ2θ)ζ. (A.7)
where ζ a covariant constant spinor, constrained by the following conditions
µ2λ3τ2Γ
2ζ = ζ, ν1λ3Γ
2ζ = ζ, λ1Γ
3ζ = ζ, Γ23ζ = −iµ3ν3λ3ζ. (A.8)
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